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Question 1 (15 marks) Start a NEW page.

b)

d)

Find .[ cosxsin® x dx.

Find JZL
X —4X+8

. . . 3
Use the substitution u = x—2 to find the exact value of Il X(x— 2)5 dx .

1) Find the values of A, B and C so that

5 _ AX+B C
( - = — + .
X +4)(x+1) X“+4 x+1

i) Hence find J% dx .
(x +4)(x+1)

i) If 1 =J.: x(Inx) dx for n=0,1,2,3,... use integration by parts

n
e’ n

toshowthat |, =——-—1,, for n=1,23,...
2 2

i) Hence find the value of 1, .

Marks
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Question 2 (15 marks) Start a NEW page. Marks

a) If z=1-1, find

)} z 1
i) | z | 1
i) arg z 1
iv) arg iz 1
V) 2° in a+ib form. 2
i°(1-i) .
b) Express T in the form a + ib where a and b are real. 3
+i
c) Graph the region in the Argand diagram which simultaneously satisfies 3

1<|z-i|<2and Imz>0.

d) In the Argand diagram A represents the point z, = J3+i,and O is the origin.

Given that OABC is a square:

YA 8
C NOT TO SCALE
A
@) x>
i) Find the complex number (z, ) represented by C. 1
i) Find the complex number (zz) represented by B. 2
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Question 3 (15 marks) Start a NEW page. Marks

a) i) Without using calculus, draw a good size neat sketch of 2

y :(x+1)2(1—x).

i) On a separate diagram using the same scale as above, and also without 2
calculus, sketch y? =(x +1)2 (1-x), paying close attention to the shape

of the curve as ‘y’ approaches zero.

b) Neatly sketch each of the following on separate axes for 0<x<2r.

i) y=sin’x. 1
i) y=|sinx|. 1
iii) y =, sinx. 1
iv) oy =.i 1
sinx
|sin x|
V) = 1
sinx
vi)  y=e’inX, 2
c) A plane curve is defined by the equation  x* +2xy +y® = 4. 4

The curve has a horizontal tangent at the point P(X,Y).

By using implicit differentiation or otherwise, show that X is the

unique solution to the equation X° +X?+4=0.

[ Do not solve this equation]
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Question 4 (15 marks) Start a NEW page. Marks

a) Given the hyperbola 16x* —9y? =144, find:

)} the length of the transverse axis 1
i) the eccentricity 1
iii) the coordinates of the foci 1
iv) the equations of the directrices 1
V) the equations of the asymptotes. 1
b) If o, and y are the roots of the equation x*+6x+1=0, find the 3

polynomial equation whose roots are af3, fy and ay .

c) Consider the equation  x* —5x> +7x* +3x—10=0.
) Given that 2—1i is a root of the equation explain why 2+i 1
is also a root.
i) Find the other roots of the equation. 3
d) The area enclosed between the curves y = Jx and y = x* is rotated about 3

y — axis through one complete revolution. Use the method of cylindrical shells

to find the volume of the solid that is generated.
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Question 5 (15 marks) Start a NEW page. Marks
a)

Solve for x: 2% =5 correct to 3 significant figures.

b) i) Provetheresult [ f(x)dx=["[f(x)+ f(-x)] dx

T

i) Hence use the above result to evaluate J ! ! dx

_7 1+sinx 3
4

The altitudes PM and QN of an acute angled triangle PQR meet at H.

PM produced cuts the circle PQR at A. [ A larger diagram is included,

use it and submit it with your solutions]

QQ/R

A

) Explain why PQMN is a cyclic quadrilateral.
i) Prove that HM = MA.

d)

2 2
The point P(acosé, bsind) lies on the ellipse X—2 + X 1 The tangent at P
a> b’

cuts the y-axisat B and M is the foot of the perpendicular from P to the y-axis.

) Show that the equation of the tangent to the ellipse at the point P is

given by xcosé N ysl|)n¢9 _

1

i) Show that OM«OB =b?, where O is the origin.
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Question 6 (15 marks) Start a NEW page.

a) The points P[cp,Ej and Q(cq,gj lie on the rectangular hyperbola xy=c?.
P q

The chord PQ subtends a right angle at another point R(cr, Ej on the hyperbola.
r

Show that the normal at R is parallel to PQ.

b) The area bounded by the curve y =2x—x> and the x-axis is rotated
through 180° about the line x=1.

>
Ya T
: o
" : > X
/ 0 . x 2\
x=1
) Show that the volume, AV, of a representative horizontal slice of

width Ay is given by AV = m(x — 1)%Ay.

i) Hence show that the volume of the solid of revolution is given by
1
V = lim Z (1 —y)Ay
Ay—0 4
y:

iii) Hence, find the volume of the solid of revolution.

Question 6 continued on page 8

Marks
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Question 6 continued

i) Show that a? + b? > 2ab, where a and b are distinct

positive real numbers.

ii) Hence show that a? + b? + ¢ > ab + bc + ca, where a, band ¢

are distinct positive real numbers.

2182 2.2 2,2
. a’h® +b°c” +c‘a
iii) Hence, or otherwise prove that > abc,
a+b+c

where a, b and ¢ are distinct positive real numbers.

End of Question 6

Marks
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Question 7 (15 marks) Start a NEW page.

a) Giventhat P(x)=23x’—11x*+8x+4 has a double root, fully factorise P(x) .

b) Show that tan™'x > x—%xe’ for all values of x> 0.
C) The acceleration of a particle which is moving along the x-axis is given by
2
47X _ 2x3 ~10x.
t
) If the particle starts at the origin with velocity u show that its

velocity v is given by v —u? = x* —10x°.

i) If u=3show that the particle oscillates within the interval —1 < x < 1.

iii) Is the motion referred to in (ii) an example of simple harmonic motion?

Give a clear reason for your answer.

iv) If u=26, carefully describe the motion.

Marks
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Question 8 (15 marks) Start a NEW page. Marks
a) Let w be one of the non-real cube roots of unity.
i) Show that 1 + w + w? = 0. 1
ii) Hence find the value of (2 — w)(2 — w?)(2 — 0*) (2 — w?). 2
b) i) By using the expansion for cos(4 + B), show that 2

cos 30 = 4cos30 — 3 cos 6.

i) By using the substitution x = 2 cos 8, solve the equation x3 — 3x = /2. 3

iii)  Hence explainwhy cos (%) + cos (Z—Z) + cos (j—;r) =0 1

C) The equation x3 — 3px + g = 0, where p > 0,q # 0 are both real, has

three distinct, non- zero real roots.

1) Show that the graph of y = x3 — 3px + g has a relative maximum 3

value of g + 2p,/p and a relative minimum of g — 2p./p.

ii) Hence show giving reasons that g2 < 4p3. 3

END OF EXAM
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sin’ x

la)Icosxsin“xdx == +C |
dx dx
b) Jz— =2 o
x°—4x+8 (x—2) +22
:ltan_1 (x_—Zj +C M
2 2

c) Let u=x—2->x=u+2 - du=dx
When x =1L, u=-1;x=3,u=1

. I = f_ll(u+2).u5du ™

f_11u6+2u5du

7 6711
:[u_+2L] |z[
7 6 1_q
11 1.1 2
G+3)-(=5+3)=3 2
d)i) 5=AUx+B)(x+1)+C(x*+4)
Let x=—1:5=5C » C=1 4]
Let x=0: 5=B+4+4C » B=1
Let x=1: 5=2(A+B)+5C - A=-1
4]
.. —-x+1 1
11)1—fx2+4+mdx
—-X 1 1
= ateatm @ v

= —%ln(x2 +4) + %tan‘1 (g) +In(x+1)+c
M~
e) I,= flex(lnx)” dx

!

Let u = (Inx)" v

2
u' = E(lnx)"‘l, v=21 %}

e

x? €ex*n
. — n _ _ n—1
oI, = l—z (Inx) Jl £l .x(lnx) dx

1

2 1 2
—g —E.On—zn_l_g Zln—l M
2
i) =% —2I
e2 ez 1
=5 -5 -30] &
1pe e?-1
=-[,xdx = = ]
22) i) Z=1+1i 7
i) |z| =v2 M
iii) argz = —% M
iv) argiz = arg(i) + argz = g —% = % M
A6
v) z% = (\/?cis (— Z)) M
6 6m
=+/2 .cis (_T) (DMT)
=8Xi=0+8i M
5a-) _ i@ a-) _ 2-i
b) 240 2+i X35 M
i) (2-0)
T 144 M
_i(2-i-2i-1)
a 5
31,
=5+l “




2¢)
? jﬁ\l\—/ﬁz o
MMM
d)yi) Ciszz=i(vV3+i)=-1+iV3 ©
ii) B is z, = OA + AB
=04 +0C M
221+Z3
=(V3-1)+i(1+v3) ™
3a) 1)
MM
i)

MM

3b) i)

iii)




4y Y4 3, b =4
a = - a=3, b=
3b)v) %} 9 16
y
2] 1) transverse axis = 6
2
1—0 11)e2=1+b—2=E
5 a 9
e=-
‘ 3
2 4 6 X
5
1i1) ae=3><g=5
1 O——0
. Foci are §(5,0) and S'(—5,0)
K iv) 4= =2
i ] M ST s
v) y . directrices are x = i%
3
b _ 4 _ .4
2 V) —=3; — asymptotes y = + 5 X
t b) Let the roots be: af, By, ay
2 4 6 X which is the equivalent of: %, %, M;TB
. d
B and since afly = —-= -1
then the roots are — l, — l, — 1.
a” B v
dy 1 1
¢) Horizontal tangent at x=X — EZO o |Letx=—2 > a=—7
and since a satisfies the original equation then we get
1\3 1
)L (-2) +o(-H+1-0
dx dx which gives x3 —6x2 —1 = 0.
r]v\ . v 1 1 1
w42y O u & ¢) i) Since the coefﬁcwnts are real, the complex
dax ) dx roots occur in conjugate pairs.
ii) Let P(x)=(x—2-D)(x—2+1))Qx)
(2x+5y4)2—y = —2(x+y) ) ( )( )
x
= (x* —4x +5)(x* + ax + b)
—2(x+
@=(X—J? M| ~ ax3—4x3=-5x3 > a=-1
dx (2x+5y ) also 5h=-10 - b=-2
. P(x) = (x?—4x+5(x*—x—2)
— 2
L =2(x+y) =0 —> y=—x where x=X M =" —4x+5)x-2)(x+1)
5 Hence the other roots are x = 2and x = —1.
X H2X(-X)+(-X) =4
X*-2X*-X’=4 M
X+ X7 44=0




T
4 1—sinx+1+sinx
= dx

4d) V., = 2mxydx 0 1-sin’x
) JZ 2
V= ;;?0227”0/5)6 = 0 cos’x

1 :2J‘Z sec’x dx
=2m [ x(Vx — x?) dx M 0

= 2

o &N

=2|tanx
=21tf01 xz — x3 dx [an-

¢)i) £2PNQ = £PMQ =90° [£'s in same segment]

2x2

=2m|l= -7 ii) Join QA and AR.
Let ZRPA = a = £ZRQA
_3m 3 7 [£'s in same segment in cyclic quad PQAR]
BET Also £NPM = a = «NQM
[£'s in same segment in cyclic quad PQMN]
g
5a) 1n(23"“)=1n(5 X“) Also since ZHMQ = ZAMQ = 90°
z and since QM is a common side
(3x+1)In2=(x+1)n5 then AQHM = AQAM [AAS]
3xIn2+In2 =xIn5+1In5 Hence HM = MA [corres sides in cong A's]
x(3In2-1n5)=In5—-1In2 P
In5—1In2 di) Z=Zx
=———~1095 M dx a8
byiyi=[° d
)0 f_gf(x) x a & y—bsinf = — bcosz (x — acosO)
= J_fG)dx + [ f(x)dx asm
ay sin @ — ab sin? 8 = —bxcosf + abcos?6
Let x =—-u - dx=—du =~ bxcosf + aysin@ = ab(sin? § + cos?0)
Whenx = —a,u=a;x =0,u=0 M bxcosf + aysinf = ab [+ ab] to get
I=—f;f(—u)du +f0af(x)dx xczse_l_ysli)nezl‘
a a
= fo f(=w) du + fo f(x) dx ii) M has coordinates (0, b sin 6)
In the equation in (1) let x = 0 to give
a a
= fo f(=x)dx + fo f(x) dx M the coordinates of B (O, ﬁ).
a
= [, f () +f(=0)] dx - OM - 0B = |bsin 0] X —— = b?

ii)

4 1 4 1 1
—dx = - + - dx
,% 1 +sinx o I+sinx  1+sin(—x)

:J4 L + ! dx ™M

o 1+sinx 1—sinx




C C

c(p- _

6a) Mpg = 7 P _ (p q)x ! :—1

cq—cp pg  c(g-p) pq

4|

Since ZPRQ = 90° then mpg X mpg = —1

L Sx==-1 o> r2=-— |
pr  qr Pq
C2

— 2 r_
Now xy =c* - y =-=

Hence at R the gradient of the tangent = ;—21

=~ at R the gradient of the normal =r2 ™

but r2=——=m ]
2

» PQ parallel to the normal at R.

bi) Let r be the radius of a typical slice
s r+l=x - r=x-1 M
Now AV = nr?h = n(x — 1)%Ay M

i) When x=1,y=2-1=1

1

V= lim Zﬂ(x—l)sz

Ay—>0y=0
Now —y=x?—-2x
1—y=x?-2x+1 ™

1-y=(x-1)7?

1

h LoV =1 1-y)A
ence Aylgloyzoﬂ'( y) Ay

i) V=mf,1-ydy

=rly-3], "

c)i) (a=b)?>0 (a#h)
a? —2ab+b* >0 ™M
a?+ b* > 2ab ------

ii) Similarly b? + c? > 2bc -------
and ¢ +a?>2ca - 4]

Now [1] +[2] + [3] gives
2(a? + b% + c?) > 2(ab + bc + ca)
. a’+b?>+c?>ab+bc+ca

ii1) Using the resultin (ii)
Let a » ab; b - bc; ¢ — ca.

a’b? + b?c? + c?a® > abc(a+ b +¢)

~ a’b? + b%*c?+c%a®* >ab.bc+bc.ca+ca.ab M

2

. v? —u? =x*—10x?

4]
212 2.2 2,2
a*b“+b“c“+c“a > abc
a+b+c
7a) P(x) =3x" —11x* +8x+4
P’(x) =9x? —22x+8
P'(x)=0 for stationary points.
S (9x—4)(x-2)=0 — x=2orx=%. M
Since P(2)=24—44+16+4=0
then x =2 is the double root. 4]
. P(x) = (x - 2)2 (3x + l) ]
b) Let P(x) =tan"lx —x + §x3
. ' __1r 2
s P(x)—Hx2 1+x ™M
o 1—(1+x2)+x?(1+x2)
N 1+x2
x4—
= > >0 for x>0 4|
1+x
~ P(x) is an increasing function for x > 0
and since P(0) = 0 then tan™'x > x — %x3 |
c)i) %sz) =2x3—10x
1 2 x4 2
Lospe==—-—5x“+c 4]
2 2 .
when x =0, v=u - c= Euz
NI AN P ]
2 2




7cii) If u = 3 then v? — 9 = x* — 10x?
ov2=x*—10x%2+9
=(x?-1)x%*-9)
=x-Dx+Dx-3)(x+3)

A 2
4 v

/A

v

Since v? > 0 for motion to exist then
x—Dx+Dx-3)x+3)=0
and since the particle starts at x = 0 with v=3 it
is moving to the right. M

Atx = 1,v = 0 and X = —8 and so the particle
will move to the left until it reaches x = —1
where v = 0 and ¥ = 8. This means the
particle will then move to the right until
v = 0 again at x = 1. MM
Thus it oscillates in the interval — 1 < x < 1.
iii) Not SHM since ¥ # —n?(x — b) ™

v? =x*—10x%+36
=(x?-5)?%+11

iv) Whenu = 6,

~ v2 > 0 forall x in the domain, hence the
particle will never stop. %]

It moves to the right with decreasing velocity
until it passes x = /5 (with v = \/11) and
continues to the right with increasing velocity.

]

8 a)i) Let w beasolutionto z3 =1
z22-1=0 - (z—-1D(E*+z+1)=0
but as w is a non real root, then
w?>+w+1=0. |

ii) Now w3 = 1,hence
QR-w)2-w)2-wH2-

w®) reduces to
QR-w)2-w)2-w)2-w? ™
=(2 — w)*(2 — w?)?
=[2-w)(2-w?)]?
=[4 - 2w? — 2w + w3]?
=[5 — 2(w? + w)]?
—[5—2x—1]? = 49 |

8 b) i) cos(36) = cos(6 + 26)
= cos 6 cos 260 — sin @ sin 260
= cos8 (2cos?0 —1) —sin@ 2 sin O cos O
=2co0s30 —cosB — 2 cos B (1— cos?8)
=2cos30 —cos@ —2cosB + 2cos30
=4 cos36 — 3 cosh.

ii) x3 —3x =+/2 andlet x = 2cos @ to obtain
8cos30 —6cosh =2
#4c0s360 —3cosh = —

NG
1
~cos30 =—=
2
T 7m 9T
3621,7,7, ......
nw 7mt 91
0=—,—,—,......
12712 12

T 71T ot
hence x = 2 cos—, 2 cos—, 2 cos—
12 12 12

iii) The sum of the roots of x> —3x — /2 =0

is given by —Zz —%z 0.

. 2cos£+2cos7—n+2cosg—n=0

12 o 12 o 12
. COS— + cOS— + cos— = 0

12 12 12
o)i)y=x3—-3px+gq, y =3x>—-3p, y' =6x

Forstatptsy’ =0 - 3(x?2—-p)=0

L x=i\/5
Whenx = \/p,y =p/p - 3pp+q=q - 2p/p

When x = \/E,y” = 6,/p >0 — minimum.

When x = — p,y:—pﬁ+3p\/5+q
=q+2p\/5
When x = —\/E,y” = —6,/p < 0 - maximum.

ii) Since x3 — 3px + g = 0 has 3 distinct non
zero real roots then the turning points must
be on either side of the x — axis.

minimum X maximum < 0

(¢ +2p,/p)(q - 2py/p) <0
q> —4p?-p <0
hence g% < 4p3

4]

4]




